We analyze in details the formation of the neutralino structure and mass spectrum.
Introduction
Cosmological application of SUSY is considerably discussed in the numerous papers during last decade. In particular, the neutralino dark matter (DM) is considered in details and these investigations were successfully adapted to astrophysics and collider physics. So, the formation of the neutralino mass spectrum and the structure of neutralino states have a principal meaning for the description of DM and astrophysical data analysis.
Conventionally neutralino mass spectrum and states follow from the formal diagonalization of mass form, which does not account some important features of Majorana states formation. Fist of all, in the limit of pure higgsino (zero mixing) we should correctly describe the transition of two Majorana higgsino-like neutralino into Dirac higgsino. The second feature is opposite sign of the neutralino masses, which is resulted from the formal diagonalization procedure. These two aspects are connected one with another and with the diagonalization procedure. At last, we should note existence of a symmetry in the space of higgsino-like states, which generates some free parameter in the neutralino structure.
Here we analyze these problems in the limit of small mixing and consider a general diagonalization procedure, which correctly leads to the Majorana states with all positive masses. The negative mass of neutralino, which arises in the conventional diagonalization by real diagonalyzing matrix, must be taken into consideration in the calculation procedure as the mass sign enters into propagator when neutralino is in the intermediate state, and into the polarization matrix for initial and/or final neutralino states. Our approach gives all masses as positive, so standard calculation rules can be kept and there is no need to check the sign of mass in the calculation procedure. Moreover, neutralino states definitions with differing (in sign) masses lead, in turn, to different forms of the interaction Lagrangian.
This feature should be especially important for the analysis of spin-dependent and spinindependent contributions into neutralino-nuclei interaction.
The pure higgsino limit
In this section we analyze the formation of the neutralino masses and states structure in the limit m Z /M k → 0, where M k is M 1 , M 2 or µ. This limit realizes (approximately) in the Split SUSY scenarios and it takes place strictly at high temperatures T ≫ E EW , when Higgs condensate is melted (high symmetry phase). This analysis is applicable as some methodological recipe in a general case too.
The submatrix of the general neutralino mass matrix, which is defined by the so-called µ-term
can be represented by the (2 × 2) -mass matrix:
In Eq.
(1) h R = h c L and we assume µ > 0 (this assumption don't restricts the analysis). The expression (1) can be represented in the non-chiral form µh 1 h 2 , where h is Majorana spinor. However, we start from the Eq.(1) for the reason resulted from the further analysis.
Formally the minimal diagonalization of the real symmetric matrix M 2 can be fulfilled by real orthogonal matrix O 2 . It is built from the eigenvectors V a of M 2 , defined by M 2 V a = λ a V a , according to equality (V a ) b = (O 2 ) ab , where eigenvalues λ a = (µ, −µ) follow from the characteristic equation det(M 2 − λ · 1) = 0. This is a standard procedure leading to the result:
It should be noted, that from the relation
This relation defines the diagonalization rule in the general case of Majorana mass forms. The main features of the formal diagonalization (3) is the different sign of neutralino masses m 1 = µ, m 2 = −µ, that is one of the masses has a negative sign (the sign of µ isn't a principal). As a result, the usual treatment, when absolute value of the negative mass is used (for instance m 2 = | − µ|) without redefinition of corresponding neutralino field, can lead to incorrect calculations. Treating the field with negative mass, we should account sign of mass in the propagator and polarization matrix or redefine the field. The redefinition of Majorana spinor χ ′ = γ 5 χ or χ ′ = iγ 5 χ changes the sign of mass in the term mχχ but doesn't change the term iχγ k ∂ k χ. However, the first redefinition doesn't save the Mayorana condition, so we have (γ 5 χ) C = −γ 5 χ, while the second one does
The matrix M 2 can be diagonalyzed by unitary complex matrix U 2 , giving masses with the same sign:
In the first equality of Eq.(4) U L = U 2 and
with the redefinition χ 2 → ıγ 5 χ 2 . However, in the case there are infinity set of unitary matrix
As it will be shown in the Section 4, this additional O 2 -symmetry leads to the free parameter arising in the general form of 4 × 4 diagonalization matrix.
On the other hand, in the exact limit of pure higgsino the initial fields h 1 and h 2 are directly composed into the Dirac neutral spinor:
where H = h 1R + h 2L is Dirac spinor. We can also represent Dirac field H through the Majorana fields χ 1 and χ 2 in the form H = (χ 1 − iχ 2 )/ √ 2, so we get
From Eqs. (7) it follows:
Transformations for non-chiral fields are:
From Eqs. (8) one can see that the transformation of the dublet (h 1 , h 2 ) L is in accordance with Eq.(4). Thus, the procedure of diagonalization (4) is immediately connected with the formation of Dirac higgsino H = (χ 1 − iχ 2 )/ √ 2 from two Majorana fields in the limit of pure higgsino. Mass term of the neutralino states is connected with the Dirac mass term:
From the structure of Eq.(10) it follows that O 2 -symmetry (5) in the space of higgsino states
The gaugino mass subform has standard Majorana structure and positivity of masses is ensured by positivity of parameters M 1 and M 2 .
Structure of the Zχχ interaction
Now one consider the structure of neutral bozon -neutralino interaction in the pure higgsino approximation. We give a short comparative analysis of calculation rules for two cases -when masses of χ 1 and χ 2 have different signs (diagonalization (3)) or the same signs (diagonalization (4)). Initial Lagrangian is:
where g Z = g 2 / cos θ W . Then, for the cases (3) and (4) we have respectively:
In the Eqs.(12) the first case with the signature (µ, −µ) can be transform to the second case with the signature (µ, µ) by the redefinition iγ 5 χ ′ 2 = χ 2 . Here we show that both forms of L int in Eqs.(12) lead to the same result without field redefinition if the negative sign of χ ′ 2 mass is taken into account in calculations. Let us consider, for example, the process of scattering χ 1 q → χ 2 q by exchange of Z-boson in t-channel. For the process amplitudes are
Formally M 1 and M 2 have different structure and without an account of negative mass of χ ′ 2 state one can do wrong conclusion about non-zero contributions into spin-dependent and spin-independent cross-section. However, with an account of χ ′ 2 negative sign in the polarization matrix, we get the same result for both cases. When χ is in the initial or final states, then the polarization matrix of the field χ in the M + M is defined as (positive mass):
and for the negative mass:
With an account of Eq.(15) after the permutation of γ 5 throughp 2 − m χ in the M 1 we get:
It is easy to check that M 
In Eq.(17) we use propagator ∼ (q − m χ ) for the field χ ′ 2 with negative mass, whereas the standard propagator is ∼ (q +m χ ). So, in this case an account of mass sign in the calculation rules leads to the same result on the amplitude calculation stage
These simple examples illustrate the formal equality of the descriptions (12.1) and (12.2), when we account the corresponding calculation rules. However, we should note that the description (12.2) is more convenient as the calculation rules are standard in this case. Moreover, representation of the Lagrangian in the form (12.1) without the mass sign indicating can lead to wrong results.
Formation of the neutralino structures and mass spectrum in a general case
Here we discuss some features of neutralino mass form diagonalization , which follow from the previous analysis. The neutral fermion mass form is:
where (χ 0 ) T = (B, W 3 , h 1 , h 2 ) and M 0 has the form [1] :
In Eq.(19) s θ = sinθ, c β = cosβ, etc. In analogy with the pure higgsino case there are two ways of diagonalization M 0 . The traditional one -minimal diagonalization by orthogonal real matrix, leads to one negative mass of neutralino. As it was noted in the second Section this neutralino state can be redefined at the end of procedure according to χ ′ → iγ 5 χ. The second way -diagonalization by unitary complex matrix, leads to all positive masses. In the general case of arbitrary mass matrix the mass spectrum and structure of states that are resulted from these two approaches, are different. However, the analysis we fulfilled show that in the case of structure of type (19) both ways of diagonalization lead to the same mass spectrum. Nevertheless, the neutralino states structure in the second way differs from the first one by the presence of one free parameter, which, evidently, is the reminder of O 2 -symmetry in the limit of pure higgsino.
It is convenient to analyze the matrix (19) diagonalization procedure with help of the intermediate diagonalization:
In the Eq.(20) 1 and 0 are unit and zero (2 × 2) -matrixes and U 2 is defined by Eq.(4) in the pure higgsino limit. Then the intermediate mass matrix has the form:
In the Eq.(21):
The matrix (21) is symmetric complex but not Hermit matrix. It's spectrum is real and has a simple expression, however it isn't mass spectrum of neutralino. This is because of diagonalization of neutralino mass matrix U T M I U = diag(m k ) differs from the one, defined 
where (m 
It is essentially that we consider the diagonalization way, which strictly gives all positive is |U kk | ≈ 1 and |U ik | ≪ 1, i = k. Then we represent the diagonalyzing matrix in the exponential form [3] , which contains six angle and six phase input parameters (Appendix 2): 
In From the diagonalyzation conditions
input parameters δ i and φ k can be determined, using 12 equations (
Then expressions for the masses m α are functions of the defined input parameters. Up to
a , a = 1, 2 with the above presented method we get diagonalyzing matrix U (Appendix 2), and for the neutralino masses we get:
In Eq.(27) we assume µ > 0 and with an account of other conditions on M 1 , M 2 , µ one can see that all masses are positive.
The another feature of the discussed diagonalization is the presence of a free parameter in the structure of neutralino states (Appendix 2). Evidently this free parameter is the reminder of O 2 -symmetry in a pure higgsino limit and it doesn't enter into expressions for the masses (the last assertion is checked by direct calculations in the second order approximation).
The structure of neutralino chiral fields result from the transformations:
where U = U 2 · U I . For non-chiral Majorana field χ = χ L + χ R with the help of Eq.(28) we get:
Thus, the imaginary part of transformations contains the factor, which corresponds to the redefinition χ ′ = iγ 5 χ in the minimal diagonalization procedure. By direct calculations up to second approximation it was checked that this diagonalization with the redefinition gives the same results as we get when free parameter equals zero (Appendix 2).
Conclusions
Diagonalization of neutralino mass form by the orthogonal real matrix leads to neutralino mass spectrum with one negative mass. This must be taken into account in the calculation rules or by redefinition of the field with negative mass. The alternative way is the diagonalization by unitary complex matrix, which leads to the mass spectrum with all positive masses. Formally both ways are equivalent, but the second one is more convenient because doesn't demand the modification of standard calculation rules. Moreover, the second approach directly reveal the existence of one free parameter, generating by specific symmetry of the µ-term. When this parameter is equal to zero both approaches give the same results.
This was shown in our work strictly for the mass spectrum and up to second approximation for the structure of the states.
We suggest the convenient way of diagonalization with the intermediate stage by unitary matrix with the exponential parametrization. Using this matrix we get a simple perturbative formalization of diagonalization procedure.
Appendix 1
The spectrum of the matrix A = MM + , where M = M I is defined by Eq.(21) is resulted from the decision of the characteristic equation det(A − λ1) = 0:
The coefficients a, b, c, and d in Eq.(30) are expressed through the elements of the matrix
In the general case we can't get exact decisions λ k of Eq.(30), but we can exactly show that the roots of Eq.(30) are λ k = m 2 k , where m k is spectrum of initial matrix M 0 defined in (18). To show this we write the characteristic equation det(M 0 − l1) = 0 in the form:
Then we display the even and odd degree of l on the left and right sides of equation separately.
By straightforward calculations we have checked that when we raised both parts to the second power and change l 2 k = λ k , then the equation (30) arises with the coefficients (31). Moreover, the spectrum of masses, which arises as a result of diagonalization:
are entirely positive (Appendix 2).
Appendix 2
In this section we consider a simple and formalized method of diagonalization of the complex 
We suggest a straightforward diagonalization of the form (34) by unitary matrix in the exponential parametrization. In the general case the unitary matrix U(n×n) has 2n 2 −n 2 = n 2 parameters, where n 2 unitary conditions are accounted. The Majorana mass form of type (34) has n free phase parameters. As a result the unitary matrix U in the mass form (34) has n(n − 1) free parameters and can be represented by n(n − 1)/2 angle and n(n − 1)/2 phase parameters. In the case n = 4 we have six angle and six phase parameters. It is convenient for the analysis to use U in the exponential form [2] : 
In the Eq.(36) δ 1 −δ 6 and φ 1 −φ 6 are angle and phase parameters, correspondingly. The values δ k and φ k are input parameters, while a β , r k , α k are some functions of the input parameters, which follow from the unitary condition U + U = 1: The Anzats (36) is convenient for approximate calculations in the case of quasidiagonal mass matrix, for instance M I , defined by (21). In this case the absolute values of the diagonal elements and of its differences are much greater then the off-diagonal ones (the equality of the third and fourth diagonal elements µ in M I is compensated by off-diagonal zero). The diagonalyzing matrix has the similar structure, that is, the input parameters δ k in Eq.(36)
